Berry's phase in the Josephson phase qubit by Tyler, Anthony & Ramos, Roberto C.
SP-P31 
 
 
All authors are with the Low Temperature and Quantum Device Group at 
the Department of Physics, Drexel University, Philadelpia, PA 19104 USA 
(e-mail: rcr32@drexel.edu). 
rry’s phase that depends on 
th
                
 
e anyons are 
said to follow non-abelian braiding statistics. [7] 
Hamiltonian of the phase qubit can be written in the 
form: 
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Abstract— Berry’s phase often appears in quantum two-level 
systems with a degeneracy. An example of such a system is a 
spin-1/2 particle in a magnetic field. As the magnetic field is slowly 
evolved through a closed path, the particle has been shown to 
acquire an additional phase called Berry’s phase, in addition to 
the usual dynamical phase. This phase has been found in two-level 
quantum systems intrinsic to many superconducting qubits and 
has particularly been calculated for the charge, flux and 
Josephson phase qubit. Here, we present an alternative derivation 
of the Berry’s phase in a current-biased Josephson junction qubit. 
We also calculate the complete Berry’s phase from the expression 
γ = i ∫ <ψ|∂Rψ> · dR evaluated over a closed loop in a frequency 
parameter space and compare this with the geometric phase. 
From this comparison, we examine the possibility of using a single 
phase qubit for topological quantum computing. 
I. INTRODUCTION 
uperconducting solid-state qubits represent a particularly 
promising approach to quantum computing because of their 
potential for scalability [1]. There are primarily three classes of 
superconducting qubits: charge-based qubit, flux-based qubit, 
and phase-based qubit. A major drawback of these qubits is the 
difficulty in decoupling them from the environment [1]-[2]. To 
overcome this obstacle, features of these quantum systems that 
are insensitive to noise, such as their topological phases, are 
actively being studied. An example of such a topological phase 
is Berry’s phase, which is acquired through adiabatic variations 
of the Hamiltonian through a closed path [3]. A common 
example of Berry’s phase is a spin-1/2 particle in a magnetic 
field. As the magnetic field is adiabatically varied, so is the 
Hamiltonian. This results in the spin state following the 
magnetic field direction. When the magnetic field returns to its  
 
 
 
 
Fig. 1 Left: As the magnetic field is slowly varied around a closed loop, the 
spin state closely follows. When the magnetic field returns to its original 
position, the spin state would have acquired both a dynamical phase and an 
extra Berry’s phase that is proportional to the solid angle subtended by the loop. 
Right: Topological phases are relatively insensitive to noise from the 
environment.  
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initial position, the spin state has acquired the usual dynamical 
phase and an extra phase called Be
e actual path taken (See Fig. 1). 
It is easiest to determine the Berry’s phase of a solid state 
qubit if we model it as a two-level system that is analogous to 
the spin-1/2 particle in a magnetic field. This allows us to 
define an analogous magnetic field which will be adiabatically 
varied. Using this approach, the Berry’s phase of single charge 
and flux qubits have been calculated [4]-[5]. More recently, the 
Berry’s phase of a current-biased Josephson junction was 
explored in [6]. Here, we present an alternative derivation of  
this result. Additionally, we explore the possibility of   
using this phase to perform topological quantum computing, 
which is a form of quantum computation that operates upon 
quantum systems through meta-particles known as anyons.  
Anyons arise in 2 + 1D braiding statistics. Of particular interest 
are non-abelian anyons. In this case, when a braiding operation 
is performed on two of them, the same operation with anyons 
switched will result in a different outcome. For the phase qubit 
to be a candidate for this form of computation, it must satisfy 
four conditions: First, its Berry’s phase γ = γg + α must have a 
geometric portion γg, which is proportional to the solid angle 
enclosed by the closed path, and a non-zero, non-geometric 
portion α. Fulfillment of this condition means that anyons can 
be found. The three other conditions are that the ground state is 
nearly degenerate, that adiabatic exchanges of anyons results in 
a unitary transformation being applied to the ground state, and 
that this transformation is only applied when anyons are 
exchanged. If these four conditions are met, then th
II. THEORY 
The 
H = ECN2 – EJ(cos φ + (I/Io)φ)          (1) 
where N is the number of Cooper pairs on the junction; EC = 
(2e)2/2CJ, the charging energy; EJ = ħIo/2e, the Josephson 
coupling energy; φ is the phase across the junction; e is the 
electronic charge; I is the bias current; Io is the junction’s 
critical current; and CJ is the junctio
converted to a spin representation: 
    H = - (ħωp/2)σz                (2) 
where ω = {√[2EJEC]/ħ}(1-(I/Io)2)1/4 is the frequency of the 
energy spacing of the two lowest energy levels and σz is a Pauli 
spin matrix. To account for 
  H = - (ħωp/2)σz – (EJl/√2)(I(t) – IB)/Io)σx       (3) 
where IB is the time-independent bias current; I(t) is the 
time-dependent current; l = (2E /E )1/4(1-I /I )1/8 is a 
S
SP-P31 
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e 
Hamilto e condition (I(t) 
 IB)/Io << 1, we apply a microwave signal I(t) = I cos(ωt + δ) + 
 the time 
ependence and allow for adiabatic evolution of the parameters 
of the a
   
dimensionless constant of the system resulting from the change 
of basis. For this form of Hamiltonian to hold, it is necessary 
that (I(t) – IB)/Io << 1 [2]. 
 
III. DERIVATION OF BER
 Our alternative derivation of Berry’s phase begins with th
nian in Equation (3). In order to meet th
–
I + IB, where I is the amplitude of an applied microwave signal; 
ω is the frequency; and δ is the phase. This results in: 
 
   H = - (ħωp/2)σz – (EJlI/(√2Io))(cos(ωt + δ) + 1)σx    (4) 
from which we can define a parameter space vector: 
 
R = (EJlI/(√2Io))(cos(ωt + δ) + 1) i + ħωp k      (5) 
that clearly oscillates parallel to the x-axis. To remove
d
pplied microwave signal, we apply the rotating frame 
approximation. By rotating our reference frame by the angle 
                 (6) 
which transforms the Hamiltonian to Hr. Applying the rotating 
frame approximation  
we find that  
     (8) 
efine a three-dimensional parameter space vector 
 
 which we see that by adiabatically varying the phase 
the applied microwaves from 0 to 2π, we can trace a close
eter space defined by: 
From Ref. [3], the Berry’s system shoul
nal to the solid  t e cl
ince C = ∂H /∂R = -σ /2, we find: 
here z = ħω -ħω and r = E lI/√2I . Comparing this with the 
results in 
e states of Heff. The energies and corresponding states of this 
                              (12) 
with th
                     (13) 
Using th e complete 
        (14) 
mplete Berry’s phase is identical to the result 
1). Because there is no non-g r  the 
We have calcul se γ = γg + α for 
the Josephs e geometric portion 
de
[1] M.H. Devoret and J. M. Martinis, Quantum Information Processing 3, 
163-203 (2004) 
th
Heff are found to be:  
e corresponding states: 
ese results and the prescription for th
se: Berry’s pha
                      
we find that the co
in Equation (1 eomet ic part of
complete Berry’s phase, this implies that single phase qubits do 
not exhibit any anyonic behavior and by themselves, cannot be 
used for topological quantum computing. 
IV. CONCLUSION 
ated the complete Berry’s pha
on phase qubit where γ  is thg
rived in [6] and alternatively derived here and α is the 
non-geometric portion. Since α is zero, we have shown that 
single phase qubits do not exhibit any anyonic behavior and 
cannot be used for topological quantum computing. We are 
currently extending this search to multiple phase qubits as well 
as qubits coupled to harmonic oscillators. 
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γ = CΓ = -Ω/2 = π [1 – z/√(z2 + r2)]                       (11) 
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Ref. [6],  they are found to be identical. 
 
 To calculate the complete Berry’s phase, we first calculate 
 
